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We obtain and analyze a complete set  of s imi la r i ty  c r i t e r i a  which se rve  to insure s imi la r i ty  
in a solid of a r b i t r a r y  shape, actual or  model,  s imple o r  composi te ,  when the thermal ly  s t r e s -  
sed state of the solid is modelled under various conditions of thermal  loading. 

We study the problem of modelling the thermal ly  s t r e s sed  state of a solid, initially at a uniform t e m -  
pe ra tu re  T O and zero  s t r e s s e s  and deformations;  the thermal  s t r e s s e s  a r i s e  as the resu l t  of a the rmal  
interact ion with an external  medium whose t empera tu re  T i var ies  with the t ime for  the case of f ree  and 
forced  convection. The t empera tu re  field which a r i ses  in the body is accompanied therein  by nonstat ionary 
the rmal  s t r e s s e s ,  deformat ions ,  and displacements .  

The system of fundamental equations is as follows. 

1. The heat conduction equation and associated boundary conditions: 

c)T _ av~T ' (1) 
Ot 

grad~ T = a (T 1 __ T). (2) 

2. The equation of motion 

0eu - -  p - 0 2 u i  = 0 .  ( 3 )  

Ox~ OP 

3 .  The equations relat ing the re la t ive  deformation components (eij) and the displacements  (ui, uj) 

1 / Out + Ouj t 
st: = "~  [--~-xj Ox~ /"  

(4) 

4. Equations relat ing the s t r e s se s  and deformations for the following cases :  

a) a l inear ly  e last ic  Hooke's Law mater ia l  

~'J=~T6~]-}- 2 - ~ ( ~ " - -  l+~x .(~k~6i.~) ; 
(5) 

b) a mater ia l  exhibiting simple viscoelast ic  proper t ies :  a Voight or  Maxwell body [2] 

~ii = 2Gsij .§ GT~ u 4- 6ij K - -  _2  6 ekk - -  
' 3 3 

�9 [ , o).  + 

(6) 

(7) 

e) mater ia l s  with more  involved viscoelast ic  p roper t i e s ,  represen ted  by paral le l  and se r ies  combina- 
tions of Voight and Maxwell bodies,  the e las t ic  and viscous e lements  of which a re  cha rac te r i zed ,  
respect ively ,  by st iffness constants Gi, G 2 . . . . .  Gr  and viscosi t ies  Vl, ~ . . . . .  ~n [3]. 
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TABLE I.  Similar i ty  Cr i t e r i a  for  the Thermal ly  St ressed  State of a 
Solid Both Ful l -Scale  and Model 

Group I 

Linear eIastic 
material  

Material with simple 
linear viscoelastic 
properties (Voight 
or Maxwell body) 

MateriaI properties for part A of the model 

[ (Eo)A flA ] (A1)A (A~ (A,n)A 

~A '  [ OA a2A ' (Eo)A ~A ' (EO)A~ (Eo) A ~r~ 

[G01 )A (~Ol)A 0]Ol)A (AOA (Am)A 

K A ' (Gol)A PA 12 ' aA PA (GOl)A ~A (Gol)A ~ 

Material with corn- (GOl)A (llol) A 0]Ol)A (A1) A (Am) A 

plex linear visco- KA ' (Gol),l flA 12.4 ' aA flA' (G01)A ~A . . . . .  (OOt)A ~ '  
elastic properties 

(~IO~)A ('%n)A (GO~)A ~ (Gor) A 

(~]Ol)A . . . . .  (~lOt)A ' (GOt)A . . . . .  ( GOl)A 

Group II Material properties for part B of the model 

viscoelastic; mat -  lzB ' ~A ' ~'A ' aA ' [P~- - J  ' (Goa)A ' 
erial B elastic 

l B ~ (AOs (ADe 

lA ' (.41) A . . . . .  (Ah) A 

Material A and B (O.1)o l~z~ ~-B_~_ aa [ P ~ ]  
viscoelastic KB ' ~A " LA ' aA ' [PA J ' 

(Gol)B (A1)B (Ah)B iB 

OloI)A . . . . .  Qloi)A . . . .  '(Ool) A " ' ' ' '  (6O:)A 

Group III Conditions defining the the rmalinteraction with the extema 1 medium 

~ e  uc  tc - - f o r  free convec-  
GrPr, ~A ' aA IA tion 

T x = const ~AT0 ' ATo 
(thermostatic@ -~-o ' Bi [ )~c ac lc 

t Re, Pr, ~A ' aA ' IA for forced con- 
vection 

Linear law ~A ATo, T--~ ' a A ATo 
T x = [ (t) 

Harmonic temperatur, ~AATo, AT--~~ Fo, ATlmax Bi { } 
oscillations of the [ To ' hTo ' 

medium [ AT0 b112 A bnl2An 
Temperature of med-  ] ~A AT0, - -  Bi { } . . . . . . .  

ium varying accord-[  To aATo ' " a~ AT o 
ing to an arbitrary law I 

Resu•ts whi•h f•11•w satisfa•ti•n •f the •rite•ia( f•rmu•as f•r transiti•n fr•m m•de • t• fu11-s•a•e) 
, Gox = u~ l , 

tYi] ~- fxi] ~ , - -  , ui - ~  , eii = 8i] 
G01 

l and t = t '  a(l ')  ~ for x i =  x~ l- 7- a'l*- 

The initial condit ions are:  

for t=0,  T=To, c~o=0, e~j=0, ui=0. (8) 

We descr ibe  the t empera tu re  dependence of the modulus of e las t ic i ty  in the general  case  by a poly-  
nomial:  

E (T) = E o + A1T + A~T 2 + .  , .  + AmT% (9) 

The dependence of an arbi trary  physical  constant  on the t empera ture  can a l so  be represented  in the 
form (9) (values of  constants  with z e r o  subscr ipts  wi l l  be those  at t emperature  To), If the t emperature  of 
the surrounding medium var ie s  with the t ime ,  the re lat ions  (1)-(9) are  supplemented with the c o r r e s p o n d -  
ing t ime  function T 1 = f(t). 
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In the case  of a composi te  body consist ing of pa r t s  A and B, additional re la t ions  a r e  needed for  body 
B, including the re la t ions  (i)-(9).  The rm a l  and s t r e s s  boundary conditions acting at the contact  boundary 
S between the bodies A and B a r e  a lso  required:  

~'A (grad. T)A = - -  )~B (grad. T)B, (10) 

(~.)A = (a.)~, (11) 

(U~)A = (Un)B, (12) 

(u~)a = (th)n" (13) 

By subjecting these  equations and the assoc ia ted  boundary conditions to s im i l a r i t y  theory  methods we 
obtain a complete  se t  of s im i l a r i t y  c r i t e r i a  for  the var ious  cases  of t he rma l  loading and assumpt ions  r e l a -  
ting to the mechanica l  p rope r t i e s  of the ma te r i a l  bodies.  M o r e o v e r  the concept of s im i l a r i t y  of t h e r m a l l y  
s t r e s s e d  s ta tes  is pa r t i cu la r i zed  in t e r m s  of the s imi l a r i t y  of s t r e s s ,  deformat ion ,  and d i sp lacement  f ields.  

F o r  example ,  in the case  of a homogeneous body subjected to harmonic  t e m p e r a t u r e  osci l la t ions  (of 
ampli tude z~Timax and of per iod t 0) in the external  medium undergoing forced motion,  the complete  se t  of 
s im i l a r i t y  c r i t e r i a  for  a solid with s imple  v i scoe las t ic  p rope r t i e s  is as  follows: 

qOl ~)! 't~Ol A1 Ai~ Am 
K ' GolOl ~ ' ap Go~ 6olf~ 2 '  Golf ~m 

13AT0, AT'max , Fo, 
AT 0 

Bi{Re, Pr, ~,e ac l~ } ,% ' a ' [ " 

(14) 

An analys is  of the s t ruc tu re  of the complete  s y s t e m s  of s im i l a r i t y  c r i t e r i a  shows that  each such 
s y s t e m  can be subdivided into two or  th ree  autonomous groups.  In the f i r s t  group we place c r i t e r i a  r e l a t -  
ing the mechanical  and the rmophys ica l  c h a r a c t e r i s t i c s  of the m a t e r i a l ,  both fu l l - sca le  and model .  In the 
c r i t e r i a  of the second group we have the ra t ios  of the mechanical  and the rmophys ica l  c h a r a c t e r i s t i c s  of the 
bodies A and B, these c h a r a c t e r i s t i c s  being essent ia l  for  the p roce s s  being invest igated,  and also the ra t ios  
of the i r  l inear  d imensional  cha rac t e r i s t i c s .  C r i t e r i a  in the third group define the conditions for  the t h e r -  
mal  interact ion of the solid with the externa l  medium in model exper iments .  ) 

All the c r i t e r i a  for  cha rac te r i z ing  the s imi l a r i t y  of the t he rma l ly  s t r e s s e d  s ta tes  in the fu l l - sca le  
body and its model a r e  p resen ted  in Table  1; this  makes  it poss ib le  to fo rm a complete  se t  of c r i t e r i a  for  
modell ing t e m p e r a t u r e  effects  in both s imple  and composi te  solids in an a r b i t r a r y  case .  

The c r i t e r ion  Eol2/pa2 is used for  compar ing  the speeds  of propagat ion of sound and heat  in the m a t e r -  
ial of the  solid. Since the f i r s t  of these  speeds  exceeds  the second by many o rde r s  of magnitude,  s t r e s s e s  
in sol ids appea r  a l m os t  instantaneously following the propagat ion of heat  and the buildup of the t e m p e r a t u r e  
field. Hence the c r i t e r ion  Eol2 /pa  2 (and also the c r i t e r ion  PB/PAder ived  f rom it) is inessent ia l  and in mode l -  
ling can be neglected.  As a r e su l t  of this s implif icat ion it becomes  c l ea r  that  the r e s t r i c t ions  contained 
in the f i r s t  group of c r i t e r i a  do not exclude application to a model of the fu l l - sca le  ma te r i a l ,  for  all  the 
types  of t he rma l  loading considered,  in the case  of an e las t ic  ma te r i a l .  In this case  the c r i t e r i a  re lat ing 
the t e m p e r a t u r e  dependence of the modulus of e las t ic i ty  in the fu l l - sca le  body and its model a r e  au tomat ica l -  
ly  sat isf ied.  This r e su l t  can be extended to apply to modell ing in which the t e m p e r a t u r e  dependence of an 
a r b i t r a r y  c h a r a c t e r i s t i c  is taken into account.  

In modell ing which takes  v i scoe las t i c  p rope r t i e s  into account  the choice of ma t e r i a l  for  the model 
mus t  obey the following additional re la t ionships .  

1) between the e las t ic  and viscous c h a r a c t e r i s t i c s  

~, (00,)2 (15) 
Golpl ~ -- Golp' (l') 2 ; 
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2) between the viscoelas t ic  and thermophysiea l  cha rac t e r i s t i c s  

~oi %, 
ap a'p' 

(16) 

In addition, the p a r a m e t r i c  c r i t e r i a  appearing in Group I of Table  1 must  be observed.  

The c r i t e r i a  of Group II a re  cha rac te r i s t i c  only for  composite bodies.  They se rve  as supplementary 
r e s t r i c t ions  on the choice of mater ia l  in a model of the composi te  body. 

The c r i t e r i a  of Group II de te rmine  the law of t em p e ra tu r e  variat ion T 1 = f(t) in the model and also 
the conditions of heat t r a n s f e r  between the model and the external  medium. 

N O T A T I O N  

Xi, Xj 

t 

P 

E, G, K 

Tt 
T 
Bi, Gr,  l>r, Re 

PC 

g 
g 

W c 

a r e  Car tes ian  coordinates ;  
a r e  s t r e s s  components ; 
is the t ime;  
is the densi ty;  
a re  coeff icients  of heat t r ans f e r ,  of l inear  expansion, t e m p e r a t u r e  diffusivity and thermal  
diffusivity,  r espec t ive ly ;  
a r e  moduli  of e las t ic i ty ,  shear  mid compress ion ,  respec t ive ly ;  
is the Poisson number;  
is the shea r  v iscos i ty  coefficient;  
is the s t r e s s  re laxat ion  t ime;  
is the t empera tu re ,  ~ 
a re  the Biot, Grashof,  l>randtl and Reynolds numbers ,  respec t ive ly ;  
is the kinematic v iscos i ty  of medium; 
is the f r e e  fall  acce lera t ion;  
is the cha rac t e r i s t i c  l inear  dimension; 
is the fo rced  veloci ty of medium; 

S u b s c r i p t s  
A r e f e r s  to body A; 
B r e f e r s  to body B;  
c r e f e r s  to external  medium.  

2. 

3. 
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